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1.

Introduction

Optimal operation of industrial processes relies on accurate measurement data. However, real
plant measurements may be corrupted by different kinds of errors causing suboptimal plant
operation and significant monetary losses. Typical random disturbances are measurement
noise and gross errors. Malfunctioning measurement devices or incorrect calibration may lead
to systematic errors or atypical statistical properties in measurements. Faulty measurement
values may be observable only intermittently or often require a plant wide analysis to be
uncovered. By first examining the statistical properties of received data and observing
corrections from data reconciliation, conclusions on device condition may be drawn.
Data reconciliation uses optimization methods to ensure process data satisfies process
constraints. The optimization makes use of process model equations such as conservation
laws, equilibrium constraints and physical process constraints. The objective function weights
adjustments of the measured values by their relative reliability. Typically data reconciliation
is described as a least squares problem. The first steady-state data reconciliation solution was
introduced in [1] based on linear process models. Nonlinear models solved through matrix
projection were considered in [2] and a successive linearization solution was described in [3].
Nonlinear programming, as demonstrated in [4], can improve reconciliation results in
comparison to other approximate solution methods. Additionally global optimization
algorithms have been employed, for example, in [5]. Alternative approaches including
artificial neural networks [6] have also been proposed. For a general review of reconciliation
and gross error detection methods see, for example [7].
Typically data reconciliation is based on the idea that measurements contain only random
errors which follow a normal distribution. Gross errors, i.e. erroneous data that does not
follow the assumed distribution, can roughly be divided into two groups: outliers and bias.
Outliers may be caused by, for example, process leaks or process malfunctions. Biases are
systematic errors where the measurements are significantly higher or lower than the real
unknown values. For data reconciliation and other estimation techniques to work the
influence of less frequent gross errors must be removed. Traditional methods to detect gross
errors include the Global Test, the Measurement Test, the Nodal Test, the Generalized
Likelihood Ratio Test, the Maximum Power Test, the Bonferroni Test, and the Principal
Component Test of which most are reviewed in [7]. These methods seek to detect the
presence of gross errors in raw measurement data. Commonly, these are applied to the
problem of detecting a single gross error in contrast to the situation of multiple gross errors.
Techniques for detecting multiple simultaneous gross errors may be broadly classified into
simultaneous and serial strategies which typically make use of the above standard techniques
for single gross errors and sequential techniques [7]. Robust estimators [8] are used to
remove gross errors simultaneously with data reconciliation without need for sequential
calculations, see for example [9-11].
Data reconciliation relies on a measure of the reliability of measurement values before
optimization through knowledge of the variance/covariance to determine the relative
weighting of corrections. Typically it is assumed that as measurement errors are random
variables obeying a statistical distribution the parameters of the distribution are known.
Information on the statistical properties of measurement instruments may be available before
instalment, however, this knowledge may not be updated during calibration, not determined
after instalment or simply not available to the data analysis [12]. Arguably, even if the
statistical properties were originally known they will likely change over the operation time of
the plant due to malfunctions or degradation. The statistical properties may be directly
inferred from the data by calculating the sample mean and covariance of the measured values
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during steady-state operation. In practice, steady-state conditions are rare and in the presence
of variations in steady-state or even a few outliers, estimates on measurement variance will
be poor. By incorporating information on the linear mass balance equations into covariance
calculations the so-called indirect and robust indirect methods seek to provide better
estimates outside the steady-state [12-14]. Robust techniques are not covered here in relation
to covariance estimation.
This report seeks to review the basics of linear and nonlinear data reconciliation. First, the
general mathematical formulation of data reconciliation problems is presented. As the
optimization is based on knowledge of the variance/covariance, an example of variance
estimation from data is presented. Through an example, some practical considerations in
implementing constraints and nonlinear optimization are presented. Though the detection of
gross errors is not presented, their effect on the results in classical data reconciliation are
shown and the use of one robust objective function is presented.

2.

Mathematical formulation

The general steady-state data reconciliation problem can be formulated as the following
nonlinear optimization problem:
𝑁𝑧

𝑧𝑖 − 𝑧̂𝑖
̂ , 𝒛̂) = min ∑ 𝜌 (
min 𝑆(𝒖
)
𝜎𝑖
𝑖=1

̂ , 𝒛̂) ≤ 0
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑓(𝒖
̂ , 𝒛̂) = 0,
𝑔(𝒖
T

T

Where z = [z1 , z2 , … , zNz ] are the measured values and ẑ = [ẑ1 , ẑ2 , … , ẑNz ] the reconciled
values. σi denotes the standard deviation of the ith measurement and û = [û1 , û2 , … , ûNu ]
denotes unmeasured values i.e. model parameter estimates. The inequality constraints f(∙,∙)
and equality constraints g(∙,∙) describe the process model. Equality constraints generally
describe the material and energy balances and the inequality constraints are imposed by
feasibility of process operation. S(∙,∙) denotes the objective function where ρ(∙) is the
weighting function. The objective may include some a priori knowledge on values of model
parameters or measurements, however, here only measurement data corrections are
considered.
The measurement errors ϵ are generally assumed normal:
𝒛 = 𝒛∗ + 𝝐
𝝐 ~ 𝒩(∙ |𝝁, 𝚺),

Where z ∗ denotes the real value of the measured variable, μ denotes the mean vector
(generally zero) and Σ = diag(σ12 , σ22 , … , σ2Nz ) the covariance matrix. Only diagonal standard
deviations are considered. However, it can be noted that if correlations between
measurements are known to exist the problem can be projected into a space where the
covariance matrix is diagonal.
The classical form of the data reconciliation problem uses weighted least squares such that
zi − ẑi
zi − ẑi 2
ρ(
)=(
) ,
σi
σi
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Alternatively described with vector notation as:
(z − ẑ)T Σ −1 (z − ẑ).
Compare to the equivalent maximization problem from the definition of a multivariate
normal distribution:
max
z

1

1
(z − ẑ)T Σ −1 (z − ẑ)}
exp
{−
(2π)n/2 |Σ|n/2
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Which describes the connection to the above measurement error assumption.
With linear balance constraints where A is often referred to as the incidence matrix and c is a
vector of constants:
g(û, ẑ) = Aẑ − c = 0.
Assuming c = 0 and without any inequality constraints the analytical solution given by
Lagrange multipliers is:
ẑ = z − ΣAT (AΣAT )−1 Az.
Though typically (and theoretically) taken as the covariance matrix, Σ can also incorporate
any other information related to the relative reliability into the weighting. For example, some
sequential reconciliation techniques may alter weights depending on received corrections.

3.

Measurement error estimation

Assuming the process data is measured during steady-state and no gross errors are present the
sample mean of the ith measurement over m repetitions is:
𝑚

1
𝑧̂𝑖 = ∑ 𝑧𝑖,𝑘
𝑚
𝑘=1

And the covariance between the ith and jth elements for the vector of Nz measured variables:
m

1
cov(zi , zj ) =
∑(zi,k − ẑi )(zj,k − ẑj ),
m−1
k=1

Which is the element (i, j) (and (j, i)) of the covariance matrix Σ.
Neither of the above estimates will provide good results if the process deviates from the
assumed steady-state or a gross error is present.
3.1.

Indirect measurement error estimation

Indirect measurement error variance calculation seeks to exploit information in the balance
constraints [12]. Reiterated from above as:
Aẑ − c = 0.
Let z denote the measured values. These almost assuredly will not satisfy the above
constraints completely at any point during operation. The vector of residuals is defined as:
r = Az.
By incorporating the above assumption on the distribution of the measurement error, the
residuals may be written:
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r = Aϵ.
If we assume μ = 0 the expectation is:
E{r} = E{Aϵ} = AE{ϵ} = 0.
The covariance of the residuals H of size n by n is then:
H = cov(r) = E{(Aϵ)(Aϵ)T } = AE{ϵϵT }AT = AΣAT .
The indirect method then provides a means of estimating Σ from the sample covariance of the
residuals. Define
vec(H) = [H1T H2T … HnT ]
Where Hj is the jth column of H. Then
vec(H) = (A⨂A)vec(Σ).
Here ⨂ denotes the Kronecker product. This allows Σ to be calculated if an assumption on
the value of the off-diagonal elements in Σ is made, otherwise a unique solution does not
exist.
In the diagonal case, where the off-diagonal elements are assumed zero let the diagonal
T

elements of Σ be denoted Σd = [Σ11 , Σ22 , … , ΣNz Nz ] such that
vec(H) = DΣd
Where
a11 A1
a21 A1

a12 A2
a22 A2

[an1 A1

an2 A2

D=

… a1Nz ANz
… a2Nz ANz
,
…
… anNz ANz ]

And 𝐴𝑖 denotes the 𝑖 𝑡ℎ column of 𝐴 and 𝑎𝑖𝑗 the element in position (𝑖, 𝑗).
The maximum likelihood estimator of Σd is then given by the minimization problem
min (vec(H) − DΣd )(vec(H) − DΣd )T
Where the solution is
Σd = (DT D)−1 DT vec(H).
If there exist m off-diagonal elements of Σ known to be correlated, the problem may be
modified.
Let
the
m
off-diagonal
elements
be
[Σpq , … , Σvl ]
and
Σt = [Σ11 , Σ22 , … , ΣNz Nz , Σpq , … , Σvl ]. Thus the problem is then stated as
vec(H) = GΣt
Where
G=

a11 A1
a21 A1

a12 A2
a22 A2

[an1 A1

an2 A2

… a1Nz ANz
… a2Nz ANz
…
… anNz ANz

a1q Ap
a2q Ap
anNz Ap

As above the solution is given by
Σt = (GT G)−1 GT vec(H).
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… a1v Al
… a2v Al
.
…
… anv Al ]

3.2.

Example of measurement variance calculation from process data

The following example demonstrates use of the indirect measurement error variance
estimation in a situation where steady-state is not present.
Consider the following process where the linear balance constraints are described by the
following matrix:
1 −1 0 −1 0
0
A = [0 1 −1 0 −1 0 ].
0 0
0
1
1 −1
The process was simulated for 300 timesteps. The first process variable had a set level of
200 with the second variable being 80% of the first for the first 100 timesteps. After this the
ratio was linearly lowered to 5% producing ramp functions in all process variables excluding
the first. Each data point fulfils the balance constraints. Measurement variances were
simulated with the following values assuming the process variables were directly measured
and no correlations were used:
diag(Σ) = [15 25

18

14

14 20]T .

Figure 1 shows the simulated values and the measured values.

Figure 1: Simulated process variables. Red = true values, blue = measured values

Measurement error variances were estimated using a direct elementwise variance calculation.
Figure 2 shows a comparison between the direct, indirect and true error variances. All
variances were calculated using data over the previous 100 timesteps. As can be seen the
direct variance estimation clearly overestimates the variance as the mean used in the
calculation will not be consistent.
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Figure 2: Measurement error variances. Red = true, blue = direct sample variance, black = indirect
measurement error calculation

Though seemingly consistent in this case, the above optimization may in extreme cases lead
to negative values and should arguably be used as a verification of the sample variances.
With enough datapoints for calculation and a suitable model, however, will possibly provide
better results outside steady-state or a way to ensure the presence of steady-state. The above
example is quite extreme and the indirect variance estimates do exhibit a maximum error of
about 20%. If the second variable decreases only 5% from the original value the maximum
error is about 5%.
The optimization may be modified to accept bounds on estimated variances. Thus the
problem is given as the following constrained quadratic optimization problem:
min
X

1
Σ Σ T − (DT D)−1 DT HΣdT
2 d d
XLb ≤ Σd ≤ XUb

Where the lower and upper bounds for Σd are given respectively by the vectors XLb and XUb .
For the measured variables where the variances are known to be corrupted by process
variation the direct variance may be used as an upper bound with the assumption that
measurement errors are not correlated.
Matlab implementation:
options = optimset( ‘Algorithm’, ‘interior-point-convex’ );
% or ‘Algorithm’, ‘active-set’
𝑋 = quadprog( eye(𝑁𝑧 ), -(𝐷 𝑇 𝐷)−1 𝐷𝑇 𝐻, [], [], [], [], 𝑋𝐿𝑏 , 𝑋𝑈𝑏 , [], options );
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A linear approximation of nonlinear balance equations may be possible. However, this is
inadvisable as nonlinearities must be very close to linear to allow for any reasonable results.
Additionally, the matrices may have insufficient rank or may be close to singular in many
cases. A linear approximation may be possible if the number of balance equations in relation
to the number of variables is relatively high.

4. Optimization techniques in data reconciliation
Constraints, other than balance equations, should be incorporated into data reconciliation for
valid results. These constraints can describe physical constraints resulting from device or
process properties. For example, corrected flow measurements will then never be negative or
violate the given maximum. First, consider the case of linear balance equations with the
traditional quadratic cost function stated as:
min (zi − ẑi )T Σ −1 (zi − ẑi )
ẑ

s. t. Aẑi = c
zLb ≤ ẑi ≤ zUb .
Where zi and ẑi denote the data and corrected data vector at time i respectively. Here the
measurement errors are assumed distributed according to 𝒩(∙ |0, Σ) without any outliers in
the data. The measurement error covariance is assumed known. Lower and upper bounds on
measurement values are introduced respectively as zLb and zUb .
Matlab implementation:
options = optimset( ‘Algorithm’, ‘interior-point-convex’ );
% or ‘Algorithm’, ‘active-set’
% ‘MaxIter’ may also be set if needed
𝒛̂𝑖 = quadprog( 𝚺 −1 , −(𝒛𝑖 𝚺 −1 )𝑇 , [], [], A, c, 𝒛𝐿𝑏 , 𝒛𝑈𝑏 , [], options );

As introduced above, nonlinear constraints present, for example, in heat and energy balances
may be written as follows. Below the objective function is also allowed to be nonquadratic.
Nz

zi,j − ẑi,j
min S(û, ẑi ) = min ∑ ρ (
)
σi
j=1

subject to f(û, ẑi ) ≤ 0
g(û, ẑi ) = 0
The Matlab implementation is more complex than the previous quadratic case. First, before
running any optimization the constraints are incorporated into a function which takes ẑi (and
possible û) as its input. This is then passed to the optimization function fmincon presented
below.
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Matlab implementation:
% Example of constraint function
% Two balance points with 6 variables
% No inequality constraints

function [c,ceq] = const_func( x )
% ceq = Equality constraints
% cp = constant

cp = 2.2/(60*60)
ceq = [ x(1) - x(2); ...
( x(1)*cp*x(3) - x(2)*cp*x(4) ...
+ x(5) - x(6) ) ];
% c = inequality constraints
c = 0;
The objective function is initialized for each data vector as knowledge of the measurement
values is required in its evaluation. (Only use of the quadratic (WLS) and Welsch functions
with the provided code is advisable as the others do not have gradient implementations. The
use of robust objective functions is expanded on below.)
Matlab implementation:
% Example of objective function initialization
% Data vector = z
% Variance vector = V

objfunc = estimator_init2( z, V, ‘WLS’, [], [], 1 )
% Options for estimator_init2

% fun = estimator_init2( dat, vars, method, par, freeind, grad )
% - Returns function handle fun(x) for chosen robust estimator
% - x = vector (or scalar)
% - Assumes data measured independently (no correlations)
% - Parameters default to 95% efficiency where applicable
%
% dat = vector of data values (measurements)
% vars = variances for data values (default vector of ones)
%
% method = WLS (Weighted least squares, note: not robust) (default)
%
= Fair
%
- 1 parameter c_F : default = 1.3998
%
= Welsch
%
- 1 parameter c_W : default = 2.9846
%
% par = parameter vector ([] if left to defaults)
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% freeind = variables to be left free (Variables which will not affect objective value)
% grad = 1/0 gradient to output (implemented for WLS and Welsch)

The main concerns when using the optimization function fmincon are:
-

Availability of the gradient of the objective
Choice of initial starting point

The use of objective functions with available gradient functions is highly advisable as this
significantly lowers the required computation time. Nonlinear optimization functions also
typically require an initial starting point for the calculation. In data reconciliation there are
two natural possibilities. First, if deviations between values in time are relatively small (i.e.
the process is assured to be in steady-state) the previous corrected value may be used to
initialize the calculation. The other possibility is to use the measurement values directly.
Using the raw measurement values is advisable in cases where significant deviations between
timesteps exist and/or the optimization becomes stuck in a local optimum over multiple time
steps when using the previous result. If the optimization fails, random noise may be added to
the chosen initial point. A maximum retry amount should however be set.
In the Matlab implementation the following options for fmincon are used:
Matlab implementation:
options = optimset( 'Algorithm', 'interior-point', 'MaxFunEvals', 250000, ...
'UseParallel', 'always', 'MaxIter', 5000, 'GradObj', 'on', 'TolCon', 10^-3, ...
'TolX', 1e-5, 'Display', 'off' );
% MaxFunEvals, MaxIter, TolCon, TolX may be changed

Assume that for 𝑧𝑖 , the measurement value vector at time i, fnc denotes the function handle of
the initialized objective function (see estimator_init2). 𝑧𝐿𝑏 and 𝑧𝑈𝑏 denote the lower and
upper bounds for the measurements respectively. Denote init0 the chosen initialization point
and Σinit a chosen covariance matrix for generating random noise for possible retries. Thus,
the following optimization is run for each 𝑧𝑖 where the linear balance equations may be
directly incorporated into the function call using the incidence matrix 𝐴:
Matlab implementation:
init = init0;
eflag = -2;
Nr = 0;
Nmax = 50; % Maximum retries
while eflag == -2 && Nr < Nmax
if Nr > 0
init = init0 + mvnrnd( zeros(length(init0),1), Σ𝑖𝑛𝑖𝑡 );
end

9

try
% Optimization
[ 𝒛∗, [], eflag] = fmincon( fnc, init, [], [], A, zeros(size(A,1),1),, ...
𝒛𝐿𝑏 , 𝒛𝑈𝑏 , @const_func, options );
catch err
% Errors may need to be better handled especially during debugging
disp( 'ERROR' )
end
Nr = Nr + 1;
end

4.1.

Data reconciliation example

Consider the following system where first a material 𝑚1 is split into two streams, 𝑚2 and 𝑚3 ,
with known proportions. 𝑚3 is mixed with another material 𝑚4 and the ensuing material 𝑚5
measured. All measurements also include temperatures, though specific heat is assumed
equal for all and as such is left out. 𝑡𝑖 denotes the temperature of each flow.
Mass balance constraints:
𝑚1 = 𝑚2 + 𝑚3
𝑚5 = 𝑚3 + 𝑚4
Energy balance constraints:
𝑚1 𝑡1 = 𝑚2 (𝑡2 + 10) + 𝑚3 𝑡3
𝑚5 𝑡5 = 𝑚3 𝑡3 + 𝑚4 𝑡4
Below variables are arranged into a vector such that the 5 mass flows are followed by the 5
temperatures. Each variable is measured directly and independently of each other with the
following variances:
diag(Σ) = [8, 6, 2, 2, 10, 5, 5, 5, 5, 5]T ,
Where all measurement noises are simulated by normal distributions. Figure 3 shows a
simulation run of 200 time instants including the measurement error and reconciled values.
Reconciliation was performed using the quadratic objective function. Constraints for the
variables are used in optimization, however, are far from the values present here. The
percentage of error left after reconciliation in relation to the measured values is:
Percentage mean square error after reconciliation:
[ 48.10, 64.46, 83.03, 93.80, 32.15, 39.88, 60.19, 69.18, 66.88, 31.33 ]
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Figure 3: Nonlinear data reconciliation example. Red = True values. Green = Measurements. Black
= Reconciled values

The above data does not contain gross errors. Gross errors will affect the results as a large
correction in one variable has the tendency to also influence the other corrections. This
‘smearing’ of the error correction is evident in the following example pictured in Figure 4
where after the 100th time instant the measurement of variable 𝑚2 is corrupted by the noise
𝒩(∙ |18,1). Notably, the wrong measurements are corrected when using the weighted least
squares method. This could be potentially corrected by removing gross errors first.
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Figure 4: Nonlinear data reconciliation example. Added corrupting noise on fourth variable.
Red = True values. Green = Measurements. Black = Reconciled values

To combat the influence of gross errors methods from robust statistics may be used. These
are generally based on the work of Huber [8]. These methods deal with estimating the
parameters (location μ0 and scale σ0 ) of a unimodal and even distribution F0 where
observations originate from a contaminated family of distributions Fα
x − μ0
Fα = {F(x): F(x) = (1 − α)F0 (
) + αH(x),
x ∈ ℛ, α fixed in (0, 0.5)}
σ0
Where H is an arbitrary distribution.
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In terms of the data reconciliation problem the objective function is to be modified such that
after a certain critical boundary changes in the variables do not incur any extra penalty. A
review of suitable functions may be found for example in [16] or [17]. Here only the Welsch
function is presented.
The Welsch function is defined as:
zi − ẑi 2
( σ )
2
zi − ẑi
cw
i
ρ(
)=
1 − exp − (
)
.
σi
2
cw
{
(
)}
Here the parameter cw is a tuning parameter which defines the trade-off between efficiency
and robustness. Efficiency refers to how well the method performs under a known
distribution and robustness when errors differ from the known distribution []. Here for 95%
efficiency cw = 2.9846 is used as a default. Figure 5 shows the form of the Welsch objective
function in comparison to the quadratic (WLS) function.

Figure 5: Forms of the quadratic (WLS) and Welsch functions

The reconciliation of the previous contaminated data (Figure 4) when the robust objective
function is used shows a clear improvement. Figure 6 shows a simulation and reconciliation
results using the robust objective.
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Figure 6: Robust nonlinear data reconciliation example. Added corrupting noise on fourth variable.
Red = True values. Green = Measurements. Black = Reconciled values

Reconciliation results also provide the possibility of determining possible distributions for the
gross errors. Figure 7 shows histograms of corrections to the measurements in a simulation
following the error parameters present above after the 100th time step. The vertical red line is
positioned at the calculated mean of the corrections. The red curves are drawn in the position
of the calculated mean with the known error variance. These distributions have been scaled to
fit into the figure.
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Figure 7: Correction histograms. Variable number on left of each histogram. Vertical line on
calculated mean. Distribution curves (scaled) are drawn with the calculated mean and variance used
in simulation.

In the above example gross errors are quite easily distinguished from the underlying
measurement error distribution. If the distributions are closer to each other more work has to
be done to distinguish the gross errors. The structure of the constraints also influences how
well the error can be found.

5. Conclusions
Any data reconciliation relies first and foremost on an appropriate model of the system.
Additionally before reconciliation is performed an estimate of the measurement error
variance should be available. As shown here if the assumption of steady-state is violated
variance estimation from data may lead to significant overestimation.
Data reconciliation has classically been described as a least squares problem where no
constraints or nonlinear models are considered. To fully take into account the information
present in system models constraints on measurement values and nonlinear balance models
should be considered. In this work the existing optimization has been extended to take into
account constraints on measurement values. Additionally, optimization techniques that are
able to take into account nonlinear balance models have been provided. The practical
implementation of some reconciliation methods has been shown by use of example problems.
Gross errors, i.e. outliers, in data lead to erroneous results when the corrections to a variable
cause false corrections to the rest of the system. To ensure correct results gross errors have to
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be removed before data reconciliation. Robust objectives can remove gross errors and
simultaneously perform data reconciliation.
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